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Ž  . Ž  .Let Z, be a Banach space. Then Z, is reflexive if and only if for each
Ž    . Ž  .convex cone  admitting a bounded base in Z , ,  is solid in Z, .
 Ž  .Here Z denotes the dual of Z, and  denotes the polar of  taken in Z.
 2001 Academic Press
1. INTRODUCTION
First we review some notations and concepts, for example, refer to 4, 5,
9 . Let X be a real locally convex Hausdorff topological vector space
Ž . briefly, a locally convex space and let X be its topological dual. A
Ž .nonempty convex set  in X is called a convex cone with vertex at 0 if
t for every t 0. The polar of  taken in X is defined by
   Ž . 4 Ž .  f X : f x  0 for all x . If 	 
  0, then  is said
to be a proper cone. If int  in X, then  is said to be a solid cone. If
there exists a closed convex set A in X, such that 0 A and  tx : t
40, x A , then A is said to be a base of the cone . Moreover, if A is
bounded, then  is said to admit a bounded base. For a real normed space
Ž  .   Z, , the standard norm on its dual Z is defined as follows: f 
  Ž .    4  Ž    .sup f x : x Z, x  1 , for any f Z . Then Z , is a Banach
Ž    . Ž  .space and the dual of Z , , or the bidual of Z, , is denoted by
 Ž  .Z . It is easy to prove that if a convex cone  in a normed space Z,
 admits a bounded base, then  is closed 6 . In studying the problem of
the existence of Pareto optimal solutions, one needs to consider the
various properties of a closed convex cone  in a Banach space and the
Ž  .interrelationship of these properties see, for instance, 13, 8 . The
following angle property was introduced by Cesari and Suryanarayana 1,
Definition 4.2 .
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Ž  .DEFINITION 1. A closed convex cone  in a Banach space Z, has
  4the angle property if there exists f Z  0 and 0  1 such that
    x Z : f x 
 f x . 4Ž .
 Concerning this property, Han 2, Theorem 2.1 showed the following
result.
Ž  .THEOREM A. For a closed conex cone  in a Banach space Z, the
following statements are equialent:
Ž .I  has the angle property;
Ž .II  admits a bounded base; i.e., there exists a bounded closed
Ž  .  4conex set A in Z, such that 0 A and  tx : t 0, x A ;
Ž .   Ž    .III  is a solid cone; i.e., int   in Z , .
Ž  . Let Z, be a reflexive Banach space and let Z be its dual. Assume
Ž    .that  is a convex cone in Z , , which admits a bounded base; that
Ž    .is, there exists a bounded closed convex set A in Z , such that
 40 A and  tf : t 0, f A . By Theorem A,
  l Z : l f  0 for all f 4Ž .
 x Z : f x  0 for all f , 4Ž .
Ž    . Ž  .is a solid cone in Z ,  Z, . Thus the following lemma is
obvious.
Ž  . Ž    .LEMMA 1. Let Z, be a reflexie Banach space with dual Z , .
Ž    . If  is a conex cone admitting a bounded base in Z , , then  x
Ž . 4 Ž  . Z : f x  0 for all f is solid in Z, .
We will show that the above property of reflexive Banach spaces given in
lemma 1, that  is always solid, is characteristic of reflexive Banach
spaces.
2. A CONE CHARACTERIZATION OF REFLEXIVE
BANACH SPACES
We begin with the following observation:
  Ž  .LEMMA 2 9, Problem 12-3-104 . If Z, is a nonreflexie Banach
Ž    .space, there is a bounded closed conex set A in Z , , which is not
Ž  Ž  ..closed in Z ,  Z , Z .
     Ž .Proof. Take any l Z Z with l  1. Put H f Z : l f
4     4 1 and D  f Z : f  r ; then there is some r 0 such thatr
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Ž  Ž  .. H	D is not closed in Z ,  Z , Z , or else H will be an aw -closedr
   Ž  .hyperplane in Z , which by 9, Theorem 12-3-3 must be  Z , Z -closed.
This implies that l Z, a contradiction. Now, for the above r set AH
Ž    .	D . This A is a bounded closed convex set in Z , which is notr
 Ž Ž ..closed in Z ,  Z , Z .
The following lemma is essential to the proof of our main result.
Ž    . Ž  .LEMMA 3. Let Z , be the dual of a Banach space Z, and let
 be a conex cone in Z. If there exists a bounded closed conex set A in
 Ž   .  4Z , such that 0 A, 0 A and  tf : t 0, f A ; then there
  Ž  .is no conex set B in Z , compact in the weak topology  Z , Z such that
  40 B and   tf : t 0, f B . That is, if  has a bounded base A such
   that 0 A , then  cannot hae a weak -compact base. Here A and 
Ž  Ž  ..denote the closures of A and  in Z ,  Z , Z , respectiely.
 Ž .Proof. Suppose that B is a  Z , Z -compact base for  . Since
   40 A , there is a net a in A with a converging to 0 in the topology 
 Ž . Z , Z . Since B is a base for  , there are t  0 and b in B with 
a t b .  
Since B is norm bounded and 0 does not belong to the norm closed set A,
 40 cannot be an accummulation point of t ; hence for some  0,
t   0 for large  .
Ž  .  	Because B is  Z , Z -compact, there is a subnet b converging to b in
Ž  .the  Z , Z -topology. For any z in Z,
a	 zŽ . 
	b z  lim b z  lim  0,Ž . Ž .
	t
 and b  0 B  B, a contradiction.
Now we can prove the following main result, which gives a cone
character of reflexive Banach spaces.
Ž  . Ž  .THEOREM 1. Let Z, be a Banach space. Then Z, is reflexie if
Ž    .and only if for each conex cone  admitting a bounded base in Z , ,
Ž  . is solid in Z, .
Ž . Ž  .Proof. I If Z, is reflexive, then the result follows immediately
from Lemma 1.
Ž . Ž  .II Suppose that Z, is not reflexive; then by Lemma 2, there
Ž    .exists a bounded closed convex set A in Z , which is not closed in
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   Ž Ž ..Z ,  Z , Z . Thus there is y  A but y  A, where A denotes the0 0
Ž  Ž  ..closure of A in Z ,  Z , Z . Without loss of generality, we may
 4assume that y  0. Put  tf : t 0, f A ; then  is a closed convex0
Ž    .cone admitting a bounded base A in Z , . Next we show below that
Ž  . Ž  . is not solid in Z, . Assume the contrary, int  in Z, .
Ž . Ž  .That is, there exists x  and a ball U B 0, r in Z, such that0
x U, or U
 x . The absolute polar and the real polar of0 0
 Ž  .U in Z are defined as see 4, 5, 9
oU  f Z : f x  1 for all xU , 4Ž .
U r f Z : f x  1 for all xU . 4Ž .
Since U is absolutely convex, U oU r. And since U
 x , we have0
o r Ž . rU U  
 x . Let0
rB f Z : f x 
1 	 
 x ; 4Ž . Ž .0 0
Ž  .then B, which will be shown to be nonempty below, is  Z , Z -closed
o o Ž  .and BU . By the AlaogluBourbaki theorem, U is  Z , Z -compact.
Ž  Ž  ..Hence B is a compact convex set in Z ,  Z , Z , and clearly 0 B.
Ž . Ž .Take any g B; then g x 
1 and g x
 x  1 for all x.0 0
Thus
g x  1 g x  1
 1 0 for all x.Ž . Ž .0
  Ž .This implies that g   and hence B . Moreover, we shall
  Ž .see that B is a base of  . Since x U, for any f   ,0
Ž . Ž . Ž .if f x  0, then f x  f x x  0 for all xU. This implies that0 0
 Ž . Ž .f 0. Thus if f   and f 0, then f x  0. Put g0
Ž .  Ž . Ž .
ff x  Z . Clearly g x 
1, or g x 
1 . Also, for anyˆ0 0 0
x,
g x
 x 
f x
 x f x  1
 f x f x  1,Ž . Ž . Ž . Ž . Ž .0 0 0 0
Ž . Ž . Ž . Ž . Ž . rwhere f x  0, f x  0, and 
f x f x  0. Thus g 
 x ,0 0 0
r Ž . Ž .and hence g x 
1 	 
 x  B. Therefore, for any f0ˆ 0
Ž .  and f 0, f can be written as
f
f x 
ff x 
f x g ,Ž . Ž . Ž .Ž .0 0 0
where 
f x  0, g
ff x  B.Ž . Ž .0 0
  4Thus we have proved that   tf : t o, f B , where B is a compact
Ž  Ž  ..convex set in Z ,  Z , Z and 0 B. On the other hand, by the
 4construction of , we have  tf : t 0, f A , where A is a bounded
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 Ž   .closed convex set in Z , , 0 A, and 0 A . However, it is impossi-
ble by Lemma 3.
3. CONCLUDING REMARKS
 Recently, Han 2, Theorem 2.4 proved that for a closed convex cone 
Ž  . in a reflexive Banach space Z, ,  is solid if and only if  satisfies
 the angle property. Han 3 also pointed out that for a general Banach
Ž  .space Z, , which need not be reflexive, it is true that  solid implies
  that  satisfies the angle property. But the converse is not true. In 7 , we
constructed a class of closed convex cones in some Banach spaces, which
are not solid, but whose polars satisfy the angle property.
 Combining Theorem 1 with 2, Theorem 2.4 , we have the following
consequences.
Ž  .COROLLARY 1. Let Z, be a reflexie Banach space. Then for each
Ž    .closed conex cone  in Z , ,  satisfies the angle property if and only
if  is solid.
Ž  .COROLLARY 2. Let Z, be a nonreflexie Banach space. Then there
Ž    .exists a closed conex cone  in Z , such that  satisfies the angle
property but  is not solid.
However, the following problem is still open.
Ž  .Open Problem. For any nonreflexive Banach space Z, , is there
Ž  . always a closed convex cone  in Z, such that  is not solid but 
satisfies the angle property?
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